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Thermodynamics: mixing energy

NA
N,+N,
AG, =AH —TAS,

Ideal solution AH =0

Concentration X, =

Calculation of the mixing entropy AS,

0000000000000
0000000000000 (N,+N,)!
00000000000000 T AS —[TIn| 2L~
00000000000000 " N,!N,!
0000000000000

Stirling formula: InN!=NInN-N

TAS,=kT|(N,+N,)In(N,+N,)-N,InN,~N,InN,| |N,=X,n,

T AS, =kT|n,(X,+X,)[Inn, +In(X, +X,)]-n,(X,(Inn, +n X,)+ X, (Inn, +In X, ))|

TAS,=kI'|-n,(X,InX,+X,InX,)|=-RT(X,InX,+X,InX,) X,+X,=1
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Thermodynamics: mixing energy

Total free energy of the mixture: AH =0
G=G,X,+G,X,+RT(X,InX, +X,InX,)
G =X, + UpX,

U, =G, +RTInX, 1,=G,+RTInX,

Gg=tg

A XE_- B
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Calculation of the mixing enthalpy AH_#0

V.. = potential of interaction 4-4
Vi, = potential of interaction B-B
V.z = potential of interaction 4-B

AH =AE =N,V +N,V.,.+N, V.,

1
number of pairs 4-A Ny, = ENXA 2X,

X,=X X,=1-X

1 1
N,, = ENzX2 N, = ENz(l - X)’ N, = NzX(1- X)

1 1
AH =AE = ENzXZVAA + ENz(l — X))’V + NIX(1-X)V,,

1
=Nz [XV,, - X(1-X)V,, + (1= X))V, — X(1- X)V,, +2X(1- X)V,, |
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Calculation of the mixing enthalpy

AH = %Nz XV, +(1-X)V,, +2X(1—X)(VAB _Yas ;VBB)

AH,, ——Nz[XV (1-X)Vy+2X(1-X)V] V=V, Yiu * Vi

3 possible cases
1) V=0thatis V,, ~V,z ~ Vg Disordered solution

Via Vs Separation of phases (precipitation)

Bp Qs
3) V<0orv,, < Ymt Ve Alloy
2 DB ©

2)V>0orv, >
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The interaction potential V (Q)

A y=2X(1-X)V

0.5V

slope 2V slope -2V

X

—
NzX(1- X)V =QX X, :Q(XjXB+XAX§)=Q[XA(l_XA)2+XB(1—XB)z]

AH =QX,X,
AG,=AH,-TAS,=G,X,+G,X,+QX,X,+RT(X,InX,+X,InX,)
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The interaction potential V (Q)

y h—e | 4 Ke—e AH, = QX X,
| , O% ‘5Hmix A y=2X(1-X)V
| AG mix
A ﬂGmix B A B pente 2V pente -2V
{a) Q<0,high7 by o=<0,low7
a Hrnix \ Xr
+
—TAS, =RT (XInX +(1- X)In(1- X))
0 XLn(X)+(1-X)Ln(1-X)
=T A Smix
_ | A B
(€} 2=0, high7 (d), o> Q low7
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Chemical potential and activity (real solutions)

AG,=M, -TAS, =G, X, +G X, +QX, X, +RT (X,InX, + X, InX,)

QX,X,=Q| X, (1-X,)" + X, (1-X,)’

1,=G,+Q(1-X,) +RTInX, 1, =G, +Q(1-X,) +RTInX,
ideal solution
-G, +RTInX nfa_ £ ;
Hy=0,+KIInX, U, =G,+RT Ina, HX——E( —XA)
A
ﬂB=GB+RT1nXB UB=GB+RT111% o
a_A_y ,:,1
x, ' d

activity coefficient

thomas.lagrange@epfl.ch e www.epfl.che lumes.epfl.che moodle.epfl.che PHYS-307



Binary phase diagram

ldeal solution
1S =G%+RTInX¢ 1P =GP + RTIn X"

Equilibrium (minimum)

us = uh uy = us
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Binary phase diagram

O O

Concentration X=X
DB ”

i _| XP-X X-X°
I a _ ‘6=1— o« _
R X‘B—Xa f f Xﬁ_Xoc
) CED ¢ X - X~
G=f"G"+ fPGP = G* + G’
! ! xF - x° xP - x°
G’ -G*
G=G"+—5—(X-X°)
) CED ¢

B _G© construction of the
GCZ Gcl (X_Xa)

: |
X, ¥ X. G =G%+
TG min el boxb_ xo common tangent

rnceniratsen IE ——l—-

10
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Eutectic binary phase diagram

11
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Binary phase diagram (alphai and alphaz phases)

solid

—_— )

solid

solid

P A

Q*—
il

- |
Ta Fr5
1 l
SG“d S,Dlid
| | : i t
| [
{11:l+a1 ||+{12| a, QU o+ A, :’12
| | | 1 |
A B A B A Xg B
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Spinodal diagram

al XB ——
A AGmix B

{a) Q<Q,high7

(€ 9>0, highT

- A | B A

miscibility gap

XB——'

\\' Ao G

AG mix

ot
o

A B
by a<0,low7

5Hmix

AGmix

XB"-'

_Tﬂ Srmx

solubility limits

(d), 2> 0 lowT

13
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Spinodal diagram

miscibility gap
' .
/ B Chemical | &t

. -a
N s AR
-----

spinodal

voedond

y i - . .
" " v p-v‘Q .’
- .(.ﬁ- .- -
P _ ¢ ac
LA Leus ¢ .?
cemw e R

-«

Hé§ﬁ1ALAg

‘Gon

Spinodal

I [

| I

| 1 i

A X X —= X, B decomposition

(b)
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Solidification

0 T T, T
G, = H,-TS,
G, = H,—TS,

G,=G, = H,-T,S, =H,—T,S,

AH,=H,—H,=T.(S, —S)=T,AS,

AH.=H,-H;=L |Latent heat

L
AS, =—
TF

15
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Clausius-Clapeyron equation

dG* =V*dP - §°dT
dG? =VvPdp - SPdar
dG* = dG”
(7). 7 ), 7
dT dT T, AV

vPi_v® AV

Irone (he),

/ Phase Diagram for Water
Critical
— / .
150 217.78 bee@restnranaccasncnnnsnranancsnssnsasascssasnsasasansnsanaaasffy Point
(Critical :E

125 — pressure) :
E)
< 100 —] 5
L /
2 Irony (cfc) 5
S 75 — @ Normal
a = freezing point

7 1 1] P T, — ¥ Normal
50 — E : boiling point
liquid
25 —| lrona (cc) Irond (cc) :
0'0060 T .
s o Triple
: : point
400 1200 1600 2000 0.00 0.01 100.00 373.99
Temperature [°C] Temperature in °C
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Nucleation

T<TF
AG=G,-Gy=AH,-T(S,-S,)=L-TAS
AG =— L—TL: £(TF—T)zASFAT Supercooling energy
TF TF

Energy due to the formation of an interface

1) homogeneous nucleation

sdf

AG,=Ag,V+Ags Aveer
4 3 ) 4 3 L y 4 |
AG,=(g,—g,)=nr’+4nr’y =——nr  —AT +4nr’y
’ 3 3 T, o
r*z ZVTF 0 T
LAT \ i
16 T2 16 '}/3 ] \ =V(AG=-AG.)ec r3
AG*=—ny’—Lt—=—n ' e
3" AT T 3T AG? e

17
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Nucleation

1) localized (heterogeneous) nucleation

YGs

% AC/://AC///A?///,C/ D0,

0 solid

Rloc _ 2’}/LS
C Agv
4 3
AG* =—rx }’ng (2 —3c0s6 +cos’ 9)
Agy
0=r:AG” = AG*" 6=0:AG* =0

PN AT D

a> \ A
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Nucleation statistics

_ AG* 16 T2
k — kT e F
V7= Noe ST B, -1y
Nucleation rate
[=N*ny, _AGY
S V.=V ze ¥
AG*+AG
[=1e * b 1

T—>T, AG*—>o [0
T—>0 I-0

-3

19
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Nucleation statistics

o = I -t number of nuclei/cm3

_AGHAGS Oc_I_AG*_I_AGS

I=1e * . gIO kT kT

T — 0 AG *is small logt =1o a+AGS *
gl = glo T T —>T, AG*— oo logt —> oo

Diagram Temperature-Transformation Time (TTT)

log Clmin

N b

log(t)

>

slope AGYk

Yir

20
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Crystalline growth

a-rough b-smooth

21
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Dendritic growth

Thermal balance

J=2 graciT A=thermal conductivity
oT oT latent heat/
As @l =Lyo,+ 4, gl LV volume unit

22
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Dendritic growth

1 oT oT
=— A — | —A, —
v LV[ Saxl Laxl)

}"Lf i

X
Solid Liquid Solid | Liquid
__...if
—
(a) (@)
J‘[ 4
_ X L.?
ISt::lt::fl qulmd. Solid Ligquid
I
HHE 2
BRE ..!_.Jﬂem . lheat
S i
EENY I |
| : il I 1 ‘ :
(b) (b}
s 1.
) X X
Solid Liquid Solid Ligquid
[ 1 I I Iql i
P 'l I i i
IR\ |
I \ \'l. Y #{ r A‘f:
;’ .r‘ ' 4o 4 |
} ] ;!F ‘lh ; HI,{“J
RN o
by o1 I I i |
[:c} ':':}
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Dendritic growth: simulations

V. Pavlik, U. Dilthey, Aachen University
Fe-0.11%C v=10 mm/s, grad(T)=100 K/mm

24
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Dendritic growth: simulations

V. Pavlik, U. Dilthey, Aachen University
Fe-0.11%C v=0.1 mm/s, grad(T)=15 K/mm

25
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Dendritic growth: effect of the curvature radius, Ay << 4,

B_T) _T.-T, AT v.:—lL BTJ .=—/1L AT,
ox ), ar ar " L,0x), " L, ar
T b >
AT:
r? " \ * Ao
AT,
S L
Liquid
Heat flux

T.— T, = r minimum
= 2y1y — 7= 2Y 5 Ty _ 2YaTr
LAT L,(T.-T,) L,AT, T,>T, = r—>eo

r*
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Dendritic growth: effect of the curvature radius, A; << 4,

Sy T AT: T.— T, = r minimum
Vsilr

r= ? " A
Jlﬁ/ZSLZ; r Q;\\\H“mhhﬁhﬁh‘h a1, | T, T, = r —>o and AT, -0
{ )

AT = AT, <
r

—x AT = ATO(I— r—f)

Heat flux 4

r>r.,=1,>1_ solidification produces heat

r<r, =1, <T_ melting absorbs heat: the dendrite melts

A, AT,
L, ar

0. =

l

(1—5) max for r=2r,

r
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Solidification of two component alloys

T =kX,+T,

T=k,X, +T,
x,=fx —ix

S

28
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Thermodynamic equilibrium in a liquid -
no diffusion in the solid (Scheil law)

X ~ Solid Liquid

e XS _ kXO (1 _ fg)(k_l)

T Solid Liquid X, =X, (fL )(k_l)

Distance along the bar ¥ —*
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Controlled solidification by diffusion in the liquid phase

S N\ | 0X, = X, + D, 9%t

XD & S L L ax
kXD%

0X

= v(X,—X,)=D, axL

S T_\\ L
\ _
X

o= o 1-k 1-k)x)
kX — ] |—_[)L X, (x)=X, 1+TeXP[—( ) ]

Y

I D /v )|
Initial Final ]
.. - r-X .
tra;smon tran5|t|on\ E XS — kXL Wlth k < 1
Steady state
“Xmu
y

XD e e L —
kX, ‘e

Distance
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Constitutional supercooling

Te — TO + kLXL Salid —— Liguid
Al
_ _ K
1—
T =T, +k, X, 1+ﬁexp (1=kK)x 5]
I k D, /v )
At the solidification front ol
ﬁ’? 0l
.-"".“
T = T+a—T)x T+k(X) aT)x
0x 0x fof-—-- -

progress condition of the
solidification front

£k S Constitulisnal
" supercooling

ox

BT) Kk Xw(1- k)
L

kDL Sobid ——s— Ligquict
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Growth of a cellular structure

U |
Mipp—= ——— =~ — — — —
|
{
|
I
|
Te [~ [
I I
, [ ' X
X, (alongB §) | }
_fE X v B I Heat flow I
I '/f E | ) -.._;'.f-'.,'-'.'.'-i-ﬁsntherm
E | -._-_'I ". 1 .
(1] .
¢ ‘
I o A A
- NE o

X, {olong AL

'
"
rIlr- a o
ST an et
-—--—l--—————._.,._.'.".' X o
-.l.. - -

: Cellular growth in
Distance along AX succinonitrile-acetone (H. Esaka, J.
Stramke and W. Kurz DMX-EPFL)
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Dendritic structure

D, 9X,
(X;—X,) ox

0 =

Cellular growth in
succinonitrile-acetone (H. Esaka,
J. Stramke et W. Kurz DMX-EPFL)

Growth of pivalic acid in
microgravity (NASA)

33
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Eutectic solidification

Tap ires Top Iree
l wurlace

Grawlh )
wilerlace

wil#rface

Tag free Tep free
i = " -: L surtace P P surisce

o
-
r,ow La"®. @4 7w e P
-I'_r..‘la..i f..l_l- B BT
Growth L EERASIEL I Growth ESTTU N Song vqu
ol 1r e ki S AT alidd lgun dwrection 1#_':.‘-.' :'i"'-"- v
Lor el rmleriace L S e ierface

{'r-r.. ',d.
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Eutectic solidification

))B A

%‘jan

gradient of mean concentration
AX 2 (Xé_ﬁ . Xg_a) m
A2 A

v(X,—X,)=D,

ox

0X, [ 2
A
2

L-p  yL-« _ ( _&J
o(X; - X;)=2D, X, /IXB ) A =A% \1 A
b yia _ AX A
vazvﬁ:2DL(X§ﬁ_X§ ) va_vﬂ_ZDL/l(X;:“O—Xg)(l /1)

MX; - X5
(X5~ %7) Maximum speed A =24

_ - L-a _ yL-B
A=A, thatis X;"=X;" =v,>0 AU, =const.
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Pearlite structure in steels

Ferrite
(dilute carbon Steel
(C<0.02%)phase)

N ? ~
Fe 5 C

36
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Solidification of a bar

e Shrinkage [ripse

Chill rone

Columnar rone

- Eguiaxed rone

J G W\\u
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Time-resolved Electron Microscopy (DTEM)

Series of nanosecond bright field TEM images and diffraction patterns
showing the rapid dynamics solidification processes after laser melting

We can observe morphological changes in
liguid-solid interface of rapid lateral
solidification (RLS) of molten metal films
and quantitatively measure interface
velocities moving at ~3.5 m/s.
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Heat extraction controls the solidification velocities

250 pm from corner 125 um from corner

40 ~
35 |
0|
25

20 | v B

15 |-

10 |- -
s 250 um from comer
5L * 125 um from comer v
75 um from corner -
vy 50 um from corner

Square Root of the Change
in the Melt pool area

ey I OEY AU SO I LI 0ol [ MU I
20 22 24 26 2B 30 32 34 36 3B a0

Delay Time, pus

(T T
L\ “ox), Tox),

Only planar front are observed in
this thin film geometries
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Al-16%Cu alloy films have a parabolic
solidification velocity

S0 ——
\ » — Effective Change in the Radius - 1.2
. of the Melt Pool with Delay
40 |+ ‘\ - = = Polynomial Fit
L e — Velocity Profile 11.0
= i »
0 - N / '
=2 = 30 \ 82 . | <
v a « N ‘ Q
= L ey . | £
29 2} O ’ 108 =
T = * L T 3
O o 2 e, *
= C ) "
w = » ¢ 5 0.4
o 10} . 4 w
‘,. o \ -
2
®eses® \ 10.2
O | | A | -
0 20 40 60 80

Delay Time, us

Solidification velocities are controlled via an interplay between

heat extraction, nucleation and diffusion kinetics
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